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Elastic light scattering by mature red blood cells (RBCs) was theoretically and experimentally analyzed
by use of the discrete dipole approximation (DDA) and scanning flow cytometry (SFC), respectively. SFC
permits measurement of the angular dependence of the light-scattering intensity (indicatrix) of single
particles. A mature RBC is modeled as a biconcave disk in DDA simulations of light scattering. We have
studied the effect of RBC orientation related to the direction of the light incident upon the indicatrix.
Numerical calculations of indicatrices for several axis ratios and volumes of RBC have been carried out.
Comparison of the simulated indicatrices and indicatrices measured by SFC showed good agreement,
validating the biconcave disk model for a mature RBC. We simulated the light-scattering output signals
from the SFC with the DDA for RBCs modeled as a disk–sphere and as an oblate spheroid. The biconcave
disk, the disk–sphere, and the oblate spheroid models have been compared for two orientations, i.e.,
face-on and rim-on incidence, relative to the direction of the incident beam. Only the oblate spheroid
model for rim-on incidence gives results similar to those of the rigorous biconcave disk model. © 2005
Optical Society of America

OCIS codes: 170.0170, 170.1530, 170.1470, 290.5850, 120.5820.

1. Introduction

The scattering of electromagnetic waves by dielectric
particles is a problem of great significance for a va-
riety of applications ranging from particle sizing and
remote sensing to radar meteorology and biological
sciences.1,2 In the area of medical diagnostics, under-
standing how a laser beam interacts with blood sus-
pensions or a whole-blood medium is of paramount
importance in quantifying the inspection process in

many commercial devices and experimental setups
that are used widely for in vivo or in vitro blood
measurements.3 These measurements are focused
mainly on the electromagnetic scattering properties
of red blood cells (RBCs), the type of cell that is most
numerous in the blood.

Usually, RBCs measure 6.6 to 7.5 �m in diameter;
however, cells with diameters greater than 9 �m
(macrocytes) or less than 6 �m (microcytes) have
been observed. These cells are nonnucleated (among
vertebrates, only the red cells of mammalians lack
nuclei) biconcave disks that are surrounded by thin,
elastic membranes and filled with hemoglobin. They
are soft, flexible, and elastic and therefore move eas-
ily through the narrow blood capillaries. The primary
function of these cells is to carry oxygen from the
lungs to the body cells.3

The light-scattering properties of blood are based
on a solution of the single-electromagnetic-scattering
problem for a RBC. Moreover, RBCs can play an im-
portant role in verification of solutions of the direct
light-scattering problem for nonspherical particles
because of their simple internal structure and stable
biconcave diskoid shape. Most of the relevant work
solves the problem of single electromagnetic scatter-
ing by a RBC analytically either basically by use of
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Mie,4 Fraunhofer,5 and anomalous diffraction theo-
ries5,6 or numerically with the aid of the T-matrix
approach7 by treating a real RBC as a volume equiv-
alent spherical,4 spheroidal,7 or ellipsoidal5,8 dielec-
tric particle. In these cases the assumptions can be
considered exact only because of the special experi-
mental conditions when RBCs become spheroidal or
ellipsoidal. In contrast, only a few papers have dealt
with light scattering by a real nondeformed RBC.9,10

Shvalov et al.10 made use of the single- and double-
wave Wentzel–Kramers–Brillouin approximations
and were able to reproduce analytically the experi-
mental results for forward-scattering angles in the
range from 15° to 35°. Mazeron and Muller,11 with
the aid of a physical optics approximation, presented
small-angle forward-scattering patterns by a RBC
whose axisymmetric geometry was obtained through
complete rotation of a Cassini curve.

At present, RBCs form the border of the size range
where effective methods of light-scattering simula-
tion can be applied. Tsinopoulos and Polyzos12 stud-
ied scattering by nondeformed, average-sized RBCs
illuminated by a He–Ne laser beam. They examined
various orientations of the RBC with respect to the
direction of the incident light and computed scatter-
ing patterns in the forward, sideways, and backward
directions. They used a boundary-element method
appropriately combined with fast-Fourier-transform
algorithms.

Another method for simulating light scattering by
arbitrary-shaped particles is the discrete dipole ap-
proximation (DDA).13 The latest improvements in the
DDA14 and its implementation in parallel supercom-
puters15 permit simulation of light scattering by par-
ticles with the sizes of RBCs.

The next generation of flow cytometers, the scan-
ning flow cytometer (SFC),16 permits measurement of
the angular dependence of the light-scattering inten-
sity of single particles at a speed of O�102� particles�s.
In the research reported in this paper, light scatter-
ing by mature RBCs was theoretically and experi-
mentally analyzed with the DDA and a SFC,
respectively. In the numerical simulations we mod-
eled a mature RBC as a biconcave disk.17 The effect of
RBC orientation on the direction of the incident light
was studied. We carried out numerical calculations of
indicatrices for several axis ratios and volumes of
RBC. Comparison of the simulated indicatrices with
those measured with the SFC showed good agree-
ment, validating the biconcave disk model for a ma-
ture RBC. We simulated light-scattering output
signals from a SFC with the DDA for a RBC modeled
as a disk sphere (a symmetric diskoid layer cut out of
a sphere) and an oblate spheroid and compared those
results with results of a biconcave disk model for two
orientations, face-on and rim-on incidence.

2. Theory

A. Optical Model of the RBC

A mature RBC can be modeled as a biconcave disko-
id. A RBC is composed of hemoglobin �32%�, water

�65%�, and membrane tissue �3%� and does not con-
tain any nucleus.18 The shape of the RBC was de-
scribed by Fung et al.17:

T(x) � 0.65�1 � x2�0.1583 � 1.5262x2 � 0.8579x4�,
(1)

where T is the thickness of the RBC (along the axis of
symmetry), x is a relative radial cylindrical coordi-
nate �x � 2��d ��1 � x � 1��, � is a radial cylindrical
coordinate, and d is the diameter of the RBC. To vary
the ratio of maximum thickness and diameter inde-
pendently on the diameter of a RBC we have rewrit-
ten Eq. (1) in the following form:

T(x) � �d�1 � x2�0.1583 � 1.5262x2 � 0.8579x4�,
(2)

where � � Tmax�d is an aspect ratio of maximum
thickness and diameter. The RBC’s shape is shown
schematically in Fig. 1.

B. Discrete Dipole Approximation

The DDA permits simulation of light scattering of a
particle modeled as a finite array of polarizable points.
The points acquire dipole moments in response to the
local electric field. The dipoles interact by means of
their electric fields,19,20 and the DDA is also sometimes
referred to as the coupled dipole approximation.21 The
theoretical basis for the DDA, including radiative re-
action corrections, was summarized by Draine and
Flatau.13 The performance of the DDA was signifi-
cantly improved by introduction of complex-conjugate
gradient methods for solving systems of linear equa-
tions and a fast-Fourier-transform algorithm for
matrix–vector multiplication (summarized by Draine

Fig. 1. Shape of a mature RBC and its orientation with respect to
the incident radiation. xyz is a laboratory reference frame and
x�y�z� is a reference frame tied to the RBC (z= is the axis of sym-
metry); inc and sca are propagation vectors for incident and scat-
tering radiation, respectively.

5250 APPLIED OPTICS � Vol. 44, No. 25 � 1 September 2005



and Flatau13). Hoekstra et al.15 parallelized the DDA
and showed that the algorithm runs efficiently on dis-
tributed memory computers, provided that the number
of dipoles per processor is large enough. They ran DDA
simulations with O�107� dipoles, limited only by the
available amount of memory.15

The size of a subvolume that relates to the number
of dipoles that form a particle must be small enough
to ensure that the response to an electromagnetic
field is the response of an ideal induced dipole. The
size should be in the range of ��20 	 d 	 ��10.13,22

In some cases we can even use d 
 ��10. Comparison
of light-scattering calculations performed with the
DDA approximation and with exact Mie theory for a
homogeneous sphere is a traditional way to deter-
mine the accuracy of the DDA approximation. Using
the parallel DDA code produced by Hoekstra et al.,15

we compared DDA simulations with Mie calculations
for a sphere with a diameter of 4.56 �m and a rel-
ative refractive index of 1.10; the wavelength was
0.6328 �m. The relative errors in DDA simulations
as a function of scattering angle are presented in Fig.
2 for three discretization sizes, ��5, ��10, and ��20.
The relative error for a discretization size of ��5 is
�10% for scattering angles smaller then 50°. This
degree of precision is good enough for comparison
with experimental curves for which the scattered in-
tensity was measured in a range of scattering angles
from 10° to 50°. That paper reported that the sizes of
the dipoles varied in the range ��11–��8 for different
sizes of RBCs because of requirements for lattice reg-
ularity in the current implementation of the parallel
fast-Fourier-transform algorithm.15

3. Experimental Equipment and Procedures

The experimental part of this study was carried out
with a SFC that permits measurement of the angular
dependency of light-scattering intensity (indicatrix)
in a region ranging from 5° to 100°. The design and
basic principles of the SFC were described in detail
elsewhere.16 The laser beam of the SFC is directed
coaxially with the hydrodynamically focused flow

that carries analyzed cells. Most disklike-shaped
RBCs attain the testing zone of the SFC in rim-on
orientation relative to the direction of the incident
laser beam. The current setup of the SFC provides a
measurement of the following combination of Mueller
matrix elements23:

Is(�) ��
0

2�

�S11(�, 
) � S14(�, 
)�d
, (3)

where Is��� is the output signal of the SFC and � and
� are the polar and azimuthal angles, respectively.
After integration over azimuthal angle �, the second
term in Eq. (3) vanishes because of the axisymmetry
of the RBCs [see Eq. (A5) of Appendix A for details;
we also obtained the same result numerically for all
simulations]. Therefore the SFC output signal will be
proportional to S11 integrated over the azimuthal an-
gle. To compare the experimental and theoretical
light scattering from RBCs we used the DDA for cal-
culation of the indicatrices. Our SFC setup allowed
reliable measurements to be made in the angular
range 10°–50° (because of the operational range of
the analog–digital converter).

A sample containing approximately 106 cells�ml
was prepared from fresh blood with buffered saline
used for dilution. We used the SFC to continuously
measure 3000 indicatrices of RBCs. Each of them was
compared with each of the calculated theoretical in-
dicatrices (for details see Section 4 below) by a �2 test
with a weighting function:

�2 �
	
i�1

N

�Iexp��i� � Itheor��i��2 w2��i�
N , (4)

where Iexp��i� is the experimental indicatrix measured
at N angular values �i��i � 10°, �N � 50°�, Itheor��i� is
the theoretical indicatrix calculated at the same an-
gles, and w��i� is a weighting function, defined as

w��i� � sin2
�
�i � 10°

50 ° �10°�, (5)

which is intended to suppress experimental errors (a
detailed discussion is presented in Ref. 24). An ex-
perimentally measured RBC is said to have charac-
teristics of the closest (by �2) theoretical indicatrix if
the difference in �2 is less than a threshold. The
threshold was set empirically to 40.

The optical model of the RBC was used in calcula-
tions with the profile described by Eq. (2). The RBC’s
diameter was varied from 6 to 9 �m. We assume that
the imaginary part of the refractive index is negligi-
ble at wavelength � of 0.6328 �m. The refractive in-
dex of the surrounding medium (saline) was 1.333.
The RBC’s refractive index was fixed at 1.40, which
falls into the region of typical variation of a RBC’s

Fig. 2. Relative errors of DDA simulations for several discretiza-
tion sizes. The DDA simulations were compared with the exact
solutions of Mie theory for a sphere with diameter d � 4.56 �m and
relative index of refraction m � 1.10.
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refractive index �1.39 – 1.42� (Ref. 25) and results in
a relative refractive index of 1.05.

4. Results and Discussions

Using the DDA, we studied the effect of the biconcave
disk orientation on the indicatrices. Angular orienta-
tion � is the angle between the axis of the biconcave
disk symmetry and the direction of the incident beam
(Fig. 1). We used the profile defined by Eq. (2) with
the following typical RBC characteristics17: diameter,
8.28 �m; aspect ratio, 0.323 (resulting in a volume of
110 �m3); and relative refractive index, 1.05. The in-
dicatrices for five orientations are shown in Fig. 3(a).
To provide an effective comparison of experimental
and theoretical light-scattering data we modified the
indicatrices by multiplication by weighting function
w��i� [Eq. (5)]. The multiplication corresponds to the
standard Hanning window procedure that strongly
reduces the effects of the discontinuities at the begin-
ning and the end of the sampling period of the SFC.24

Moreover, this function resembles the SFC instru-
ment function16 and improves visual inspection of
indicatrices, as the logarithmic scale can be replaced
by a linear one. The modified indicatrices for the five
orientations are shown in Fig. 3(b). The orientation of
the biconcave disk modifies the indicatrix substan-
tially. For instance, the mean scattering intensity, in
the angular range from 15° to 50°, has a reduced in-
tensity for symmetric orientation �� � 0°�, whereas
the oscillating structure vanishes for increasing ori-
entation angle. Therefore the mean light-scattering
intensity and indicatrix structure are good indica-

tors of a mature RBC orientation in scanning flow
cytometry.

Practically, it is interesting to study the sensitivity
of the indicatrix structure to variations in the volume
and diameter of the biconcave disk when the orien-
tation corresponds to orthogonal directions of the bi-
concave disk’s symmetry axis and incident beam (i.e.,
for � � 90°). The latter requirement is caused by the
orienting effect of the hydrofocusing head of the SFC
in which nonspherical particles are oriented with a
long axis along the flow lines.9 We calculated the
indicatrices of RBC with a typical volume of 100 �m3

while we varied the biconcave disk’s diameter. The
results of the DDA simulation are shown in Fig. 4.
Variation of the diameter does not change the inten-
sity substantially, whereas the visibility of the oscil-
lating structure, which characterizes the relative
difference between maximum and minimum val-
ues,16 is reduced with increasing biconcave disk
diameter.

Additionally, we varied the thickness of the bicon-
cave disk, which resulted in variation of volume with
a constant diameter. The RBC volume is the most
important hematological index measured with mod-
ern automatic hematology analyzers.3 Flow cytom-
etry25 and Coulter’s cell3 are the instrumental
solutions utilized for measurement of RBC volume
distribution. The modified indicatrices of biconcave
disks calculated for three volumes with a typical di-
ameter of 6.75 �m are shown in Fig. 5. The light-
scattering intensity does not depend on variation of
the biconcave disk’s volume or thickness. There is the
same tendency in the indicatrix structure as for
Fig. 4: the visibility of the oscillating structure in-
creases with increasing aspect ratio (of thickness and
diameter).

Our simulation of light scattering by mature RBCs
allows us to conclude that the orthogonal orientation
of a biconcave disk relating to direction of incident
beam does not provide sufficient sensitivity of the
indicatrix to the RBC characteristics. Coincidence of
the biconcave disk’s symmetry axis and direction of
the incident beam (i.e., � � 0°) gives an advantage
in the solution of the inverse light-scattering problem

Fig. 3. (a) Initial and (b) modified indicatrices calculated by DDA
for five orientations of the single biconcave disk related to the
direction of the incident light beam.

Fig. 4. Modified indicatrices of biconcave disks with different
diameters and fixed volume.
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because in that case the oscillating structure of the
indicatrix is much more sensitive to variation of RBC
characteristics. Unfortunately, as is shown below,
such orientation is improbable in a SFC.

Practically, the DDA cannot be used to fit experi-
mental indicatrices because the DDA calculations re-
quire approximately 10 h for a fixed biconcave disk
orientation (the computations were carried out on
eight nodes of a Beowulf computer with the nodes
running at 750 MHz). To solve this problem we made
calculations of indicatrices for several biconcave
disks with different diameters and volumes, pre-
sented in Table 1, to fill a small database to be used
in the inverse problem. Values in the cells as listed in
the table are aspect ratios for selected diameter and
volume, whereas dashes in the table indicate that
indicatrices of RBC with these characteristics were
not calculated. For each set of diameter and volume,
four indicatrices were calculated for orientation an-
gles � ��60°, 70°, 80°, 90°�. Calculated theoretical
indicatrices were used for determination of charac-
teristics of experimentally measured RBCs by the �2

test, as explained in Section 3.
A few representative results of our comparison by

the �2 test of experimental and theoretical modified
indicatrices are presented in Fig. 6. One can see that
the theoretical indicatrices fit the experimental

curves well. The mean scattering intensity (intensity
integrated over the angular interval) of the measured
indicatrices is in good agreement with the mean in-
tensity of theoretical indicatrices calculated for ori-
entation angles � of 70° and 90° [Fig. 3(b)] and
exceeds the mean intensity for smaller orientation
angles. This fact allows us to conclude that orienta-
tion of RBCs in the capillary of a SFC is close to
orthogonal �� � 90°�, which agrees with our previous
results.9 This result justifies our choice of orientation
angles for preliminary calculations of RBCs’ indica-
trices. We used all the experimental indicatrices that
passed the �2 test to plot a distribution of ma-
ture RBCs over the orientation angle, as presented in
Fig. 7. This distribution proves once again that or-
thogonal orientation is much preferable for RBCs in
the capillary of a SFC and gives an estimation of the
deviation from orthogonal orientation.

Contrary to the DDA, the T-matrix method allows
one to reduce the time required for calculation of
light-scattering substantially.2 However, the bicon-
cave disk shape complicates the light-scattering
simulation in the T-matrix method. The T-matrix
method can be effectively applied to a particle with a
disk–sphere or oblate spheroid shapes that can be
used as models of RBCs. Therefore we have compared

Fig. 5. Modified indicatrices of biconcave disks with different
volumes and fixed diameter.

Table 1. Parameters of RBCs for Preliminary Calculationsa

d (�m)

V (�m3)

86 92 100 105 110

6.08 0.638 – – – –
6.33 0.565 0.605 – – –
6.51 – 0.556 0.604 – 0.665
6.75 0.466 0.499 0.542 0.569 0.596
6.84 – – 0.521 – 0.573
7.01 – – 0.484 – 0.532
7.60 0.327 0.349 0.380 0.399 0.418
8.28 – – 0.294 0.418 0.323

aValues are aspect ratios for selected diameters and volumes.
Dashes indicate that indicatrices with these characteristics were
not calculated.

Fig. 6. Experimental and theoretical modified indicatrices of in-
dividual mature RBCs. Values of �2 differences are shown.

1 September 2005 � Vol. 44, No. 25 � APPLIED OPTICS 5253



the indicatrices of particles shaped according to Eq.
(2) and of particles with the following shape geome-
tries: disk–sphere and oblate spheroid. The compar-
ison was performed for the diameter-volume-equal
particles. The parameters of the biconcave disk were
as follows: diameter d, 7.60 �m; aspect ratio
�, 0.380 (volume V, 100 �m3); and relative refrac-
tive index m, 1.05. The light scattering of two orien-
tations of the particles related to the direction of the
incident beam, rim-on and face-on incidence, was
computed. The indicatrices of the biconcave disk and
the disk–sphere are shown in Fig. 8. This figure al-
lows us to conclude that RBC can be modeled by a
disk–sphere only for simulation of light scattering in
the angular interval ranging from 10° to 15°.

An oblate spheroid is the most popular model in

simulation of light scattering of individual RBCs.
This model was used in simulation of light scattering
by the T-matrix method.7 We have calculated the
indicatrices of diameter-volume-equal spheroids in
rim-on and face-on orientations of the oblate spheroid
and the RBC. The results of these calculations, shown
in Fig. 9, allow us to conclude that a RBC can be
modeled by an oblate spheroid over a wide angular
interval only for rim-on incidence. This conclusion is
in agreement with the boundary-element methodol-
ogy12 and discrete sources method26 applied to the
study of light scattering of RBCs. However, the va-
lidity of such substitution for calculation of RBC in-
dicatrices should be further studied for different RBC
sizes with respect to the specific problem in which
these indicatrices are to be used.

5. Conclusions

Our simulation of light scattering of a mature RBC
has shown that the indicatrix is sensitive to the
RBC’s shape, and the DDA (or some other method for
which no simplifications of the RBC’s shape are as-
sumed) should be used in a study of formation of the
indicatrix for RBCs with various characteristics.
However, light scattering of the RBCs can be simu-
lated with the T-matrix method for rim-on incidence
by use of the oblate spheroid model. Fortunately the
hydrodynamic system of the SFC delivers mature
RBCs into the testing zone in this specific orientation.
This performance of the SFC gives a chance of solving
the inverse light-scattering problem for mature
RBCs, e.g., by parameterization or use of a neural
network because T-matrix simulation requires sub-

Fig. 7. Distribution of mature RBCs over an orientation angle
obtained by use of the �2 test.

Fig. 8. Modified indicatrices of the biconcave disk and the
diameter-volume-equivalent disk–sphere: (a) rim-on and (b)
face-on incidence.

Fig. 9. Modified indicatrices of the biconcave disk and the
diameter-volume-equivalent oblate spheroid: (a) rim-on and (b)
face-on incidence.
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stantially less computing time than the DDA algo-
rithm. However, the precision of such algorithms
should be tested by use of realistic indicatrices ob-
tained, e.g., by DDA simulations.

Therefore a need for improvement of the current
DDA codes arises. Such an improvement can not only
provide enough testing indicatrices for the problem
described above but also make feasible such tasks as
solving an inverse light-scattering problem for any
orientation of RBCs relative to the incident beam.

Appendix A

Let the incident radiation propagate along the z axis,
and assume that the particle has a symmetry plane
containing this axis. We will then investigate the
properties of the Mueller matrix integrated over com-
plete azimuthal angle � at fixed polar angle �.

Not restricting generality (as we consider the inte-
gral over the complete azimuthal angle), we can con-
sider that the x axis resides in the symmetry plane of
the particle. We divide the integrals into two parts
and then group them:

�
��

�

S(�, 
)d
 ��
��

0

S(�, 
)d
 ��
0

�

S(�, 
)d


��
0

�

�S(�, 
) � S(�, �
)�d
. (A1)

Let us consider two scattering problems for angles
��, 
� and ��, �
�. We rotate the laboratory reference
frame about the z axis by angles � and �� for the first
and the second problems, respectively (this is the
same as rotating everything else—the particle, the
incident and scattering directions, and the electric
field vectors—in the backward direction). These
operations do not change the scattering matrices;
therefore

S(�, 
) � S�
(�, 0), S(�, �
) � S
(�, 0), (A2)

where S
 and S�
 are scattering matrices for particles
�p
 and p�
� rotated about the z axis by angles � and
��, respectively, relative to its initial orientation
(p0). Let us denote the operator of plane zx reflection
by pzx and the operator of rotation about axis z by
angle � by R
. Then

Pzxp�
 � �R
 � Pzx � R
�p�
 � �R
 � Pzx�p0

� R
p0 � p
, (A3)

where the first equation is an identity for any oper-
and (which can easily be verified because the opera-
tors involved do not affect z coordinates) and the third
one exploits the assumption that the particle has a zx
symmetry plane in its initial orientation. Equations
(A2) and (A3) imply that S��, 
� � S��, �
� can be
considered a sum of scattering matrices for the same
scattering geometry but for particles that are mirror

images of each other with respect to the scattering
plane. It was shown6 that such a sum gives a scat-
tering matrix of the form

�
S11 S12 0 0
S21 S22 0 0
0 0 S33 S34

0 0 S43 S44


. (A4)

Then Eq. (A1) obviously implies that the Mueller ma-
trix integrated over the complete azimuthal angle
will be of the same form. Therefore we have proved
that, if a particle has a symmetry plane containing
the z axis (coincident with the propagation vector of
the incident radiation), then

�Sij�
�d
 � 0 (A5)

for i 	 1, 2 and j 	 3, 4 or vice versa.
It is clear that, for a body of rotation, any plane

containing a symmetry axis is a symmetry plane as
well. Therefore a plane containing both the symmetry
axis and the axis z is symmetric for the body of rota-
tion regardless of its orientation. Hence Eq. (A5) is
automatically proved for axisymmetric particles.
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