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Abstract

On the basis of two many-particle models of a geminate reaction A + B — Product in the presence of bulk scavengers C for
which the closed kinetic equations for the mean concentration of species can be exactly derived the unified form of integro-differ-
ential equation of general kinetic theory is obtained. A clear physical interpretation has been done for every term of the equations.
For low concentration [C] of scavengers, the kinetic equations are reduced to the so-called quasi-binary ones that in turn are brought

into the equivalent regular form (the rate type equations).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

A consistent many-particle approach to theoretical
treatment of chemically reacting systems is the most
powerful way of deriving of kinetic equations in liquid
solutions. A many-particle derivation of kinetic equa-
tions of irreversible chemical reactions in rather dilute
solutions in initially chemically homogeneous system
was first performed by Waite [1,2] on the basis of the
well-known method of superposition decoupling in the
hierarchies for the Reduced Distribution Functions.
Up today considerable progress has been achieved in
the derivation of kinetic equations of bulk reversible ele-
mentary reactions [3-22] and multistage ones [23,24].
However, less attention has been given to the reacting
systems with initial spatial correlations between the
reacting particles. These correlations can be of two
types. Correlations of the first type addressed to bulk
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reactions are called the same-type correlations; they cor-
respond to infinite correlation radii between reactants,
and are taken into account in the consideration of sim-
ple irreversible reactions [25]. Initial correlations of the
second type correspond to correlations with finite corre-
lation radii that are inherent in reactions containing the
so-called geminate stages. The simplest examples are the
reactions of isolated geminate pairs [26]. More compli-
cated cases are the reactions of non-isolated geminate
pairs [27-31], isolated geminate pairs in dilute solution
of scavengers [32-38], and, the most general case, non-
isolated geminate pairs in solution of scavengers [39].
Many-particle consideration of irreversible reactions of
these types has been performed in the literature on the
basis of superposition decoupling [27,38,39]. However,
it happened that using the superposition decoupling
method in the derivation of kinetic equations of certain
reaction types gave the results inconsistent both with
simple physical considerations and with numerical simu-
lation [9,10,17]. Thus superposition decoupling has been
criticized in a number of papers [4,8,17]. So in testing
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approximate methods of solving the problem that are
commonly used in the literature and searching for new
methods for the derivation of kinetic equations in the
framework of a many-particle approach, the exactly
solvable models are of great interest. The explicit form
of the kinetics for such models in the case of irreversible
reaction of isolated geminate pairs in rather dilute solu-
tions of scavengers has been recently found in the liter-
ature [40].

This case is of practical interest. It is often realized in
radiation chemistry when radiation pulse results in an
isolated (from other geminate pairs) geminate pair the
partners of which take part in bulk reactions with parti-
cles from solution. For example, one has to deal with
such reactions in studies of primary radiation chemical
processes in liquid hydrocarbons doped with charge
acceptor [41], in the investigation of irreversible trapping
reaction of the hydrated electron and its equilibrated
optically excited states and various “‘precursor states”
by different oxidants [42], etc. In these cases, the scav-
engers react with partners of a single type thus acceler-
ating their decay and decreasing geminate reaction
yield. The problem of adequate description of such sys-
tems is known as a ‘“‘scavenger problem” [35,37]. The
following kinetic scheme describing the competition of
geminate and bulk reactions has been considered: at
the initial instant of time there exist a geminate pair
AB which can irreversibly recombine

A+B—P. (1.1)

Here, P is a product of a geminate reaction. It may be a
molecule originated as a result of bimolecular associa-
tion or two molecules originated by the exchange reac-
tion. The geminate pair is surrounded by bulk C
particles able to react with one of geminate partners,
namely, B detaching it from a geminate partner

B+C—C+D. (1.2)

It is assumed that C particles are in excess, so the con-
centration of C particles is not changed due to reaction
(1.2).

The goal of this paper is to analyze the forms of ki-
netic equations that will be obtained on the basis of
the explicit form of the kinetics for exactly solvable
models of a multistage reaction given by Eqgs. (1.1)
and (1.2) [40].

The outline of the paper is as follows. In Section 2, we
give the main assumptions and results for exactly solv-
able many-particle models of the reactions considered,
namely, (i) the model of immobile B reactant and (ii)
the model, where B reactant moves by stochastic jumps
for long (in a microscopic scale) distances (the hopping
model). Equations of the memory function type for the
models are presented, and clear physical interpretation
of every term of equations is done in Section 3. In Sec-
tion 4, we define the so-called quasi-binary kinetics for

low concentration [C] of scavengers and show that the
kinetics are involved in exact many-particle kinetics
for both models under consideration. In Section 5, we
reduce general kinetic equations to the quasi-binary
ones. In Section 6, the derived quasi-binary equations
are brought to the equivalent regular form (the rate type
equations). The results are summarized in Conclusion.

2. Many-particle models

Consider the model of spatially uniform reacting sys-
tem containing one geminate pair AB and scavengers C
with bulk concentration [C]. Reaction (1.1) in the gemi-
nate pair AB gives the product P, and bulk reaction (1.2)
with an excess of non-interacting (point) scavengers C
detaching B reactant from a geminate pair to produce
D reactant takes place. The force interaction between
A and B particles can be included into consideration.
These two elementary reactions will be referred to as P
and D reaction channels, respectively.

At any moment ¢ (¢ > 0) the system considered can be
found in one of three states: in the state AB with the
probability Pap(?), where the geminate pair exists, in
the state AD with the probability PAp(f), where A and
D reactants exist, and in the state P with the probability
Pp(t), where the product P exists. Then

PAB(t) +PAD(I) +Pp(l) =1. (21)

The system under consideration contains four species.
The probabilities to find them in the reacting system are

Pa(t) = Pag(t) + Pap(t);  Zs(t) = Pag(t);
Pp(t) = Pp(t); Pp(t) = Pap(t). (2.2)
By virtue of Eq. (2.1), we have
PAt)+Zp(t) = 1; Z(t) + Zp(t) + Zp(t) = 1,
(2.3)

Note that due to normalization condition (2.3) the solu-
tion of the problem is expressed in terms of the probabil-
ities #g(¢) and 2p(t). We shall call them the kinetics of
B and P reactants, respectively.

The initial distribution of reactants in the geminate
pair is specified by the distribution function
P, 7#) = P(#* — 7) that is normalized

/ di* PPt —7%) = / d® P(* —7°) = 1. (2.4)

We assume that at the initial instant of time the distribu-
tion of C reactants is not correlated with the position of
B.

Geminate reaction between A and B species and the
bulk reaction between B and C species in the framework
of exactly solvable models are defined by the reaction
integral operators Vap and Vpc with the following ker-
nels [407]:
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Vap (P, 7 t|r0,r07t0)

= —wap( = 7)3(F = 7)6(* — 75)5(t — 1),
Ve, 7 t|r0,ro,t0)

= —wpc (P> — ) 8(® — 75)0 (7" —75)0(t — to).

(2.5)

Here wap(7* — 7*) and wec (7 — 7°) are usual elemen-

tary reaction rates, and J(x) is delta-function. Thus the
integral operators introduced act in a four-dimensional
space of three spatial coordinates and time. Besides,
we consider the entire time interval —oo < ¢ < co intro-
ducing the Heaviside step function 6(¢) for physical time
interval 0 < ¢ < oo. Such a space is often used in the lit-
erature on a many-particle problem [16-18] and is very
convenient for further consideration. In the framework
of this mathematical formalism, the functions 6(z) ap-
pear in rhs of Egs. (2.1) and (2.3) instead of unities.
Note that each of the reactants has internal coordinates,
along with the mass center ones. However, in studies of
many-particle aspects, taking account of internal coordi-
nates leads to the complication of the theory, thus they
are neglected in the present paper. In the general case,
translational motion of A, B and C reactants in solution
in the general case can be described by the Markovian
process of random walks by stochastic jumps [40,43],
and will be defined by the operators iA,iB and Lc,
respectively.

Even under the simplifying model assumptions made,
it is rather difficult to find the kinetics of the reaction
considered at all concentrations of C reactants. There-
fore, we consider two particular models containing addi-
tional assumptions.

2.1. The model of immobile B particle

In this case, the kinetics Zg(¢) of B reactant decay is
as follows (in the thermodynamic limit) [40]:
Py(t) = PaQ(t)Ng(t). (2.6)
Here P}, = Pag(t = 0). Further we shall denote the ini-
tial conditions in a similar way. We introduce the sur-
vival probability Np(z) of immobile B particle in a
bulk reaction the scavengers with the concentration [C]:

Na(t) = 0 exp{ /drK } (2.7)

Here K(?) is the time-dependent rate constant of the bulk
reaction:

K(t) = —/d?c VeGeld()1(7C)), (2.8)

where the propagator G¢ describes the evolution of the
bulk reaction pair B+ C. Their kernel obeys the
equation:

(0 — Lc — Ve)Ge(FE, 1)y 10 /7°)

=3(t — 1)0(FC = F), (2.9)
where Ve = Ved (P — 70) Though the propagator G¢
depends parametrically on the coordinate of B reactant,
reaction rate constant (2.8) of the bulk reaction does not
depend on this coordinate. The survival probability of
the geminate pair Q(¢) in Eq. (2.6) is defined in a com-
mon way [32,40]

/ di* Galo ()P — ),

where the propagator G, describes the evolution of the
isolated geminate pair A + B. Its kernel satisfies the fol-
lowing equation:

(6 —LA—VA)GA( l|l’0,l0/7' )
= 0(t — 1)o7 —7y),

(2.10)

(2.11)

where Vg = VAé(r - ro) Note that the survival prob-
ability Q(z) does not depend on the coordinate of B
reactant.

The many-particle kinetics of the geminate reaction
product ﬂp( ) is given by [40]

Pp(t) = 0(t)Py + P\ / dt K4 (t)Ng(7). (2.12)
Here, we introduce the geminate reaction rate Ky(#) that
is determined by an ordinary formula [40,44]:

Ky(t) = — / 47 VAGAl3()P( — 7). (2.13)
As is easily seen, the relation:

0,Q(t) = 6(t) — K, (1) (2.14)

joins the survival probability of the geminate pair €(¢)
and the geminate reaction rate K,(¢). The kinetics given
by Egs. (2.6) and (2.12) of exactly solvable model con-
sidered obeys the kinetic equations. The kinetic equation
for the kinetics Zp(¢) (and Z,(¢) following from Egs.
(2.3) written in the mathematical space accepted) can
readily be obtained by differentiating Eq. (2.12)

0,:2p(t) = 6(1)PY + PS K, (1)Ng(t);
0, 2a(t) = 6(t)Py — PgKy(t)N(1).

The first term proportional to delta-function in the
framework of the mathematical formalism used takes
into account the initial condition. The second term gives
the reaction rate in the channel P. It has a clear physical
meaning: the rate of the product formation in a gemi-
nate pair surrounded by scavengers is the product of
the reaction rate in an isolated pair and the survival
probability of B reactant in a bulk reaction at time ¢.
Statistical independence of both processes is a distin-
guishing feature of the particular model considered
and, as it will be shown below, does not take place in
the general case.

(2.15)
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The kinetic equation for the kinetics #5(¢) can be ob-
tained taking into account that the survival probability
Ng(t) obeys

O;Ng(t) = 6(¢) — [CIK(t)Ng(2). (2.16)

Then

02s(t) = 8(1)P — [CIK (1) 25(1) — PipK ()N (0).
(2.17)

At the first glance, the contributions of geminate P chan-
nel (the third term in Eq. (2.17)) and bulk D channel (the
second term in Eq. (2.17)) to the rate of B reactant decay
are additive and have a clear physical meaning. How-
ever, this fact is the feature of the particular model con-
sidered and does not take place in the general case.
Besides, correct interpretation of contributions of reac-
tion channels into the rate can be done only for equa-
tions written in the universal form of general kinetic
theory.

2.2. The model with jumping B reactant (the hopping
model)

In this model, the force interaction between B and C
reactants is neglected, and the motion of B is taken into
account. It is assumed that this motion is stochastic
jumps of large length compared to reactants size. In
the thermodynamic limit, this motion can be considered
as jumps of infinite length. For example, the motion of
such type approximates the motion of an electron in
non-polar liquids quite well [45]. Thus the model with
jumping B reactant differs essentially from that with
immobile B, though both models coincide in a specific
case where there is no force interaction between B and
C, and B reactant is at rest (13! =0). The last factor
plays an important role providing continuity of results.
For this model, the many-particle kinetics 2g(f) obeys
the equation [40]

Py(t) = PogQ(t)Ny(t)e™"/™
1/ -
+— [ dtNg(t—1)e "B Ppy(1).

TB )

(2.18)

Here and below the quantities referring to a specific case
with B reactant at rest (3! = 0) in the model of jumping
B reactant are marked by tilde. The many-particle kinet-
ics Zp(¢) is defined by the expression

/ dt Ky(t)Np(t)e /™.
-0

In a particular case 73! = 0 it reduces to Eq. (2.12). Asin
Section 2.1, the kinetic equation for the kinetics Zp(¢) is
derived most easily. Differentiating Eq. (2.19), we have

Po(t) = Ph0(t) + P}, (2.19)

0,%p(t) =
0, 2a(t) = 6(¢)P — PYuK

S()PY + PYGK o (6)N g (£)e/™;

«()Ng(0)e ””‘* (2.20)

Comparison between Egs. (2.20) and (2.15) shows that
in the model at hand physical meaning of the reaction
rate in P channel remains the same. Only the survival
probability of B reactant in a geminate pair in the course
of the bulk reaction is slightly modified. This probability
is formed in the course of two parallel statistically inde-
pendent processes: the decay of the pair due to the
encounter of B with C, or because of the escape of B
reactant by a jump of infinite length. Certainly, in the
case of the jumps of finite length both processes will de-
pend on one another.

3. Universal kinetic equations of general kinetic theory

It is known that calculation of a many-particle kinet-
ics by the methods of a general kinetic theory yields
inhomogeneous integro-differential kinetic equations
[46-50]. For reactions (1.1) and (1.2), the kinetics
2g(t) obeys the equation

/dfm—f)ny()

- [C]PAB]D( ) - P?xB[P( ) (3-1)

It is a convolution type (retarded) equation that takes
into account that the rate of bulk reaction (1.2) at the
moment 7 is determined by concentration values at some
previous moment 7. This type of equations expresses
causal-consequence relation in the evolution of the react-
ing system in the most general manner. The kernel of this
equation is commonly called the memory function. Inho-
mogeneous terms of the equation allow for initial spatial
correlations of the reactants and are related to geminate
reaction. The kinetic equation for the kinetics #p(¢) is of
a similar, though more simple, structure

0,Pp(t) = 3(t)PY + P ,lp(1). (3.2)

0,2s(t) = P0(1)

The kinetic equation for the accumulation kinetics
2p(t) of D product of reaction (1.2) with bulk scaveng-
ers C is immediately obtained from Egs. (3.1), (3.2) and
(2.3):

0,2p(t) = PAp0(1) / dt Z(t — 1) ?s(7)

+ [CIPsIn (1)- (3-3)

The source In(?) describes the influence of initial corre-
lations on the kinetics Zp(¢). Thus the structure of ki-
netic equations of the general kinetic theory allows us
to extract the reaction channels of the multistage reac-
tion considered in the explicit form.

We see that kinetic equations (2.15) and (2.20) for the
kinetics 2p(¢) have the structure of Eq. (3.2) of the gen-
eral kinetic theory and include only one geminate chan-
nel of P product creation. Kinetic equation (3.3)
includes D channel. Hence, the second and the third
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terms in general Eq. (3.1) proportional to concentration
[C] of C reactants are determined by D channel of the
reaction. We see that in the framework of the general ki-
netic theory ultimate contribution of this channel to the
reaction rate of B reactant decay is divided between two
subchannels. Physical interpretation of this fact follows.

We see that neither of equations (2.17) nor (2.18) gov-
erning the exact many-particle kinetics of the model at
hand falls into the category of general kinetic theory
equations. Thus it is necessary to show that kinetic
equations (2.17) or (2.18) for both models considered
can be transformed into the unified form of Eq. (3.1)
of the general kinetic theory.

3.1. The model of immobile B particle

To obtain the kinetic equation in the form of general
kinetic theory, Eq. (2.16) should be replaced by the
equivalent integro-differential equation [12,17,51]

t
O,Ng(t) = o(t) — [C]/ dt X(t — 1)Ng(1), (3.4)
-0
where the memory function X(¢) is defined by its Laplace
transform

s B0

Here and below the upper index L denotes the Laplace
transforms of the corresponding quantities. This easily
gives kinetic equation (3.1) where (see Egs. (2.15))

(3.5)

Ip(t) = K,(t)Ng(1). (3.6)
The quantity Ip(?) is defined by its Laplace transform
Lo _ L (KNg)"(s)

I5(s) = (KNsQ)"(s) — (Ns®)" (s )W- (3.7)

Thus we see that the decay of B reactant really proceeds
by two reaction channels: D and P, the last term in the
rhs of Eq. (3.1) is the decay rate by geminate P channel.
Hence, the second and the third terms proportional to
the concentration of C reactants specify the decay rate
by D channel. Thus D reaction channel is divided into
two subchannels. We call them bulk D subchannel and
geminate D subchannel, respectively. Physically, such a
separation means the following. In the bulk D, subchan-
nel B reactant escapes the geminate pair without any
interaction (neither force nor reaction) with A reactant
and decays on the encounter with bulk C reactants. In
the geminate D subchannel, the decay of B reactant
due to the encounter with C reactants occurs inside
the geminate pair, i.e., is at least of essentially three-par-
ticle nature. To prove the validity of the above interpre-
tation of the geminate D subchannel, it is necessary to
reveal a microscopic essence of the quantity /(7). For
this purpose, in Eq. (3.7) we pass to originals using
Eq. (3.5)

£) = / 0 dt 2(1 — 7)[Q(1) — Q)N (2). (3.8)

Now for the survival probability Q(7) we use definition
(2.10). For the propagator G, we employ the
representation

GA(FA,I|70A,IO):/GA( (7Y 7) AP GA (P, 2|70, 1),
(3.9)

which is the relation of Chapman-Kolmogorov (Ein-
stein— Smolucl&owskl) type [44]. We also introduce the
propagator G, of A reactant free motion (in the absence
of force and reaction interaction between A and B reac-
tants) and take into account that the number of particles
is preserved

/d*A GO 17y 1) = 0(t — 7). (3.10)

Thus Eq. (3.8) gives the desired representation for the
quantity Ip(?)

/d [(Ga — G°°) (t—19)]

x [Ns(t = 1) Gal|0(6)P(7* — 7*)). (3.11)

Here symbol [ .] denotes the operator with the kernel
in square brackets. According to representation (3.11),
the rate in the geminate D subchannel is formed as fol-
lows. By some instant of time ¢ the survival probability
of the geminate pair AB surrounded by “scavengers” is
the evolution of the initial geminate correlation. Then B
reactant decays on the encounter with C reactants, on
condition that a geminate pair does not decompose
(preservation of the 0%emmate pair is determined by the
propagator (GA — G, ) describing the “scattered wave”
[44]). So, generally speaklng, in calculating the D sub-
channel term even for small concentrations [C] (how-
ever, not in the case of the models considered), one
has to do with a three-body problem.

3.2. The model with jumping B reactant (the hopping
model)

The kinetic equations for B reactant are most conve-
niently derived using the Laplace transforms. The La-
place transform of the kinetics #(¢) is easily found
from Eq. (2.18) by a conventional procedure

POAB(QNB)L(S+ )

PL(s) = . (3.12)
1 -1 Wy (s +15")

This equality identically gives the following:

sP5(s) = Pyp — [C12"(5) 25 (s)
- [C]POABILD(S) _POABIIP;(S)' (3.13)
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As is seen, the structure of Eq. (3.13) coincides with that
of the Laplace transform of general kinetic equation
(3.1). In Eq. (3.13), the Laplace transform of the mem-
ory function of the bulk D subchannel is [51]

(KNp)"(s +15")

ZL(S): ~L
Ny(s+13")

(3.14)
and the Laplace transform 7} (s) of Ip(f) appearing as the

source of geminate P channel in full accordance with Eq.
(2.20) for the kinetics 2(¢), is

I5(s) = (KeN) (s + 75').

The Laplace transforms ILD(S) of Ip(f) appearing as the
source of geminate D subchannel is
L o KNgp)“(z
15(5) = (RN32) () — (Va2)" () B2 ),
Ny (2)

(3.15)

(3.16)

where z = s + 1!

Thus Eq. (3.13) is the Laplace transform of the de-
sired kinetic equation. It has the form of kinetic equa-
tion (3.1), and physical meaning of its kinetic
coefficients remains the same as in the previous case, de-
spite the change of the model. Just slight modification of
mathematical formulae in the definition of the coeffi-
cients takes place (compare Egs. (3.14) and (3.5), as well
as Eqgs. (3.16) and (3.7)). As follows from Egs. (3.13)-
(3.16), in the general case the kinetic coefficients are
expressed via the quantities of a particular case of
immobile B in the model of jumping B reactant. This
specific case is also a particular case of the model with
immobile B reactant for which the kinetic coefficients
have already been introduced by formulae (3.5) and
(3.7) in Section 3.1. It is easily established that
(o) =e "m0, Ie(r) = e (1)

[D(t) = eil/TBiD(lL). (317)

The third equality from Egs. (3.17) makes it possible to
refine the microscopic meaning of I'p(¢) in the model un-
der consideration. In view of Eq. (3.11), one has

In(t) = /dVA |:(GA_ ~2\0)EE\_ to)exp{—t_to}]

B

X {NB@ Z10)Ga exp {_ ! TB’OH 6P — 7).
(3.18)

Eq. (3.18) shows that, as in the case of P reaction chan-
nel, the hopping mobility of B reactant manifests itself
in the rate of geminate D subchannel as an additional
parallel statistically independent process of a geminate
pair decay due to the jump of infinite length.

The relation between the kinetic coefficients of gen-
eral and particular cases expressed in Egs. (3.17) is
rather useful. However, similar relation for geminate
reaction rates should be added

Kq(t) = e /™ K,(t). (3.19)
This relation follows from Eq. (2.13) in view of
t—1| ~
GA(P* 1|7 10/7%) = exp {— O}GA(?A,tWOA,tO/?B).
B
(3.20)

The propagator G, describes the evolution of an iso-
lated geminate pair with allowance for the jump of infi-
nite length of B reactant. Its kernel obeys the equation
[40]

(0 — La — Va + 15" )Ga (P, 1|7, 10 /7°)

= 5(t — 10)0(F* — 7). (3.21)
Note that the propagator G, from Eq. (3.20) cannot be
used in Eq. (2.10), since even in the absence of the reac-
tion between A and B partners of geminate pair
(¥ a = 0) it does not preserve the number of A reactants.
However, this demerit is insignificant, if G, is used in
Eq. (2.13).

Thus on the basis of kinetic equations derived in this
section for different models of the “scavenger” problem,
we have introduced many-particle kinetic coefficients
(memory functions and sources). In the range of low
concentration of C reactants one can simplify them thus
obtaining the desired low concentration kinetic equa-
tions. However, even for bulk reactions such simplifica-
tions present considerable difficulties [51]. The simplest
and most effective test for the correctness of simplifica-
tions is the use of asymptotes at low densities of reac-
tants of the many-particle kinetics, i.e., the so-called
binary kinetics. Similar concepts for the ‘“‘scavenger”
problem will be given in the next section.

4. The quasi-binary kinetics

Binary kinetics is of primary importance in the deri-
vation of kinetic equations of bulk reactions at low den-
sities of reactants [51,52,54]. In this section, we
introduce similar concepts for the “scavenger” problem.
Further they will form the basis of the derivation of ki-
netic equations for low density of C reactants.

4.1. The model of immobile B particle

In the range of low concentrations [C] many-particle
kinetics (2.6) and (2.12) can be simplified, if a binary
estimate for the survival probability of B surrounded
by C reactants is applied [12,17,51,52,54]

M) = 80 = 00 (1210 [ dem(n)).

-0

t

(4.1)
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The form of the binary kinetics N°(¢) is universal (i.e.,
independent of models). In our model, ky,, the Mar-
kovian (stationary) part of the binary rate constant
of the bulk reaction and #ny(f), its non-Markovian
part, are

ky = tlim K(t); ny(¢) = K(t) — ko 0(2). (4.2)
So the following low concentration asymptotes are eas-
ily obtained for many-particle kinetics 2g(¢) and 2p(¢):

Py(t) = 2§ (1) = PRy ()N (0);

t
P,(t) =~ PP(t) = Ph/ﬂL@@wwq (4.3)

-0
Kinetics 2% (¢) and 22 (¢) appearing in Eqgs. (4.3) will be
called quasi-binary. This is because the bulk reaction is
described in the frame of the binary approximation, i.e.,
the processes when a geminate pair is attacked by two or
more C reactants from the volume are neglected. On the
other hand, a geminate pair lifetime may turn out to be
comparable to the decay time of the kinetics N°(¢). This
means that, generally speaking, the decay of B reactant
in geminate and bulk reactions can be mutually depen-
dent. Thus the necessity of considering a three-particle
problem (geminate pair AB and C reactant) arises.
The binary kinetics N°(¢) allows for the first two terms
of the asymptotic expansion in a binary scaling param-
eter of the many-particle kinetics [12,16]. The leading
term of the expansion gives the Markovian kinetics

1 -k (z) - [Clik(z) + [C

(1) [y doa ity (02)) - (2)

(f du K,

4.2. The model with jumping B reactant (the hopping
model)

To obtain the quasi-binary approximation in this
model, use the binary estimate

Ng(t) ~ N°(1)

::9()elc%‘( - j[ dt i (1 > (4.6)

The Markovian part k, and non-Markovian part 7, (7)
of the binary rate constant are defined by analogy with
Eq. (4.2), since they are a particular case of these defini-
tions. As a result, Eq. (2.19) gives the following quasi-
binary estimate for the many-particle kinetics 2, (t):

Pp(1) ~ PP(1)

t
= PY0(t) + P, /0 dz kg(r)ﬁ/b(r)e_rm‘. (4.7

Equation (3.19) easily shows that the dependence of the
second term in the rhs of Eq. (4.7) on the parameters of
spatial mobility of reactants does not reduce solely to
that of relative migration parameters of reactants of
the reaction pairs, as in Egs. (4.3). In other words, in
the model under consideration the quasi-binary kinetics
exhibits its three-particle nature explicitly. The reasons
have been given above. It is convenient to obtain the
quasi-binary approximation for the kinetics #p(¢) using
the Laplace transforms. With Eq. (4.6) in Eq. (4.7), we
have

Py(s) ~ Py

which corresponds to the kinetic law of mass action of

formal chemical kinetics [53].
N®(t) ~ N™(t) = 0(¢) exp(—[Clkpt). (4.4)

By analogy, further we shall separate out quasi-Markov-

lan parts in quasi-binary kinetics of the ‘“‘scavenger”
problem
Py (0) = Z§0(1) = PR Q()N™(1);
PR = PP = 00 + Py [ a5 K(oN"(2),
" (4.5)

Thus in the quasi-Markovian approximation the bulk
reaction is described in the frame-work of the kinetic
law of mass action. Similar expressions (a sort of the
mean-field approximation) have been used in the litera-
ture devoted to the “scavenger” problem [34-38,41].

+[C] b + 75" [CliTy (2)

) (4.8)

where z = s + 135" + [C]K,. However, Eq. (4.8) is not a
final result, since even in a particular case of the bulk
reaction (K, = 0) it involves the overestimation of accu-
racy [51]. To determine the orders to be kept within the
limits of the binary conception, one should single out a
zero in the denominator of Eq. (4.8) using the relation
between the binary rate constants of the bulk reaction:
Ky(t) = ky, + ny(2) for the general case and K(7) for par-
ticular case 7, = 0, respectively. Considering Markov-
ian k, or k, and non-Markovian #,(f) or 7, (see Eq.
(4.2)) parts of the constants, we have [51]

by = ke, + 7 i (751);
sn]];(s) =(s+ Tgl)ﬁ]g(s + 15 ) — T nb('cBl). (4.9)

Then it is necessary to expand the remaining regular
part of expression (4.8) in concentration [C] powers in
the vicinity of the zero. In this case, an ambiguity arises
related to the fact that in the binary approximation
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(s 4 5! + [Clhy) ~ i7™(s + 15" + [Clks). (4.10)
The above ambiguity is removed by the requirement for
the fulfillment of the following property: in the case of
ultrafast geminate reaction

K, (t) = 0,.6(2) (4.11)
the kinetics Z(¢) at all > 0 should coincide with the
binary kinetics of the bulk reaction for which the initial

conditions are re-defined, i.e., the following estimate
should be valid:

Py(t) ~ Pla Q. N°(1); (4.12)

The quantity @ is the survival probability of reactants
of an isolated geminate pair by the moment of their infi-
nite removal from one another. As a result, Eq. (4.8)
gives the expression for the Laplace transform of the
quasi-binary kinetics

Q. =1—a..

1 - kL z ClA (s
A0 = ) =y KO

(4.13)

Here the function A(¢) defines the non-Markovian part
of the quasi-binary kinetics. It is defined by its Laplace
transform

w00 == [ an kit [ a. mm))L(z)

— (s + [Clhy) + K () (s + [Clhy) — 1L ()],
(4.14)

where z=s+ 15" + [Clky. In the quasi-Markovian
approximation A(f) = 0, thus, after recovering the origi-
nal (in view of Eq. (3.18)), Eq. (4.13) yields the expres-
sion for the quasi-Markovian kinetics in the model
with jumping B reactant

! -
Py(t) ~ @qu(t) = P?\B/ dr e [Clho(t=1) [6(7) _Kg(,c)e—[c]kbr]
-0

t
EPOABG’[CV‘"’/ dre AE—k)p 0(7).
0
(4.15)

This expression does not coincide with the expression
obtained in the framework of the “mean-field”” approx-
imation [34-38,41]. Only at k, = k, the quasi-Markov-
ian kinetics is factorized and coincides with the first
expression from Egs. (4.5). Note that, according to
Egs. (4.15), the quasi-Markovian kinetics (just as the
quasi-binary one) is of three-particle nature and cannot
be expressed in terms of the relative mobility of reac-
tants in pairs AB and BC.

5. The quasi-binary kinetic equations

Derivation of quasi-binary equations is based on the
reduction of many-particle kinetic equations (3.1) and

(3.2) to low concentration limit of C reactants. Obvi-
ously, the structure of basic kinetic equations remains
unchanged

070 = Pyt - (] [ de 2 - )PP

~0
— [CIPAI (1) — PAgI¥ (1) (5.1)

and

APT(1) = 5(1)PY + Pyl (1), (5.2)

where the upper indices mean the quasi-binary approx-
imation. Now the problem is to correctly simplify the
quantities X(¢), Ip(t), and Ip(¢) in Egs. (3.1) and (3.2)
50 as to derive quantities X% (¢), 1%°(¢) and I ().

5.1. The model of immobile B particle

Most easily, this can be done for Eq. (3.6) using esti-
mate (4.1). So, we have the following quasi-binary
quantity:

18(0) = K (ON°(1). (5.3)

It is readily seen that the quasi-binary kinetics Q’%b(t)
from Eqgs. (4.3) is the exact solution of Eq. (5.2).

A binary estimate for the memory function X(¢) is
based on its representation as a sum of Markovian
and non-Markovian parts [51]

2(t) = Zn(f) + 20(0). (5.4)

Generally speaking, in the expansion in concentration
[C] powers each of the terms involves all powers. In
the binary approximation it will suffice to consider the
main orders in each of them. However, for the non-Mar-
kovian part it is necessary to preserve its principle prop-
erty [51]

X (s = —[CIKn) =0, (5.5)

where K, is a many-particle Markovian rate constant
the existence of which for the models in question has
been proved in [51]. So the expansion of the non-Mar-
kovian part is made after the extraction of the Markov-
ian exponent. As a result, in the binary approximation
we have the following estimates [12,17,51]:

20(1) = 2 (0) + Z3(0); - (1) = ked(0);
Zo(t) = e 9oumy, (). (5.6)

Such a complicated dependence on concentration [C] of
the non-Markovian part is related to the fact that actu-
ally the expansion was performed in the binary scaling
parameter rather than in [C] powers [12,16]. To expand
a many-particle source (3.8) in the binary scaling param-
eter, it is necessary to establish its exact property (the
analog of Eq. (5.5)) which could allow one to get rid
of the terms falling beyond the limits of the quasi-binary
approximation in the range of small [C] concentrations.
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This property manifests itself in the consideration of
ultrafast geminate reaction (see Eq. (4.11)). In fact, it
was employed in the derivation of the quasi-binary
kinetics in Section 4. As is easily seen from Egs. (3.8)
and (3.17), in both models under discussion we have
for ultrafast geminate reaction

In() = 0; if Ky() = 0.00(0). (5.7)

In other words, the geminate D subchannel disap-
pears, since the lifetime of the geminate pair is too short
for a scavenger from the volume to approach it. Obvi-
ously, this property is of a general character and is not
associated with specific properties of the models. In
the range of small [C] concentrations source (3.8) can
be simplified using estimates (4.1) and (5.6). So we get
the estimate satisfying Eq. (5.7)

In(t) =I5 (1)
= [ aek @m0 - n@0l. 59)

In full agreement with physical interpretation, 79°(7) < 0,
since the integrand in Eq. (5.8) is non-negative because
the function #5(7) is a monotonically decreasing func-
tion. Note that the non-Markovian term in the first
Eq. (5.6) is of the next order of smallness in the scaling
parameter as compared to the Markovian one [12,16], so
it can be taken into account by the perturbation theory
methods. This will be used below. In particular, it can
readily be verified that the solution of Eq. (5.1) is
approximated by the quasi-binary kinetics ﬂ’qu(t)
from Eqgs. (4.3). This proves the correctness of estimate
(5.8).

5.2. The model with jumping B reactant

As before, the quasi-binary estimate of /p (t) is most
easy to derive. Using estimate (4.6) in a many-particle
kinetic equation (2.20), we have

19(1) = K (0)N° (£)e~/». (5.9)

At 13! = 0 the above equation reduces to Eq. (5.3). Qua-
si-binary kinetics (4.7) is the exact solution of Eq. (5.2).
To obtain a quasi-binary value of the memory function
2(t), turn to Eq. (3.14). We have [51]

Sh(s) = (20(e)"
= ky + (s + [Clko)nE (s + [Clks).

Recovering the original for the binary memory function
yields representation (5.6), i.e., the binary memory func-
tion representation in terms of binary rate constant is of
invariant form (depends on the relative mobility only),
just as it should be, since it specifies the rate in bulk D
subchannel. The quasi-binary estimate of the geminate
D subchannel source Ip(t) is based on Eq. (5.8) and
the third equation from Egs. (3.17). Thus

(5.10)

(1) = e (G / e Ko (1)[it (1 = ) = 71 (1)].
-0
(5.11)

Obviously, for the quasi-binary source I%(¢) property
(5.7) holds. Eq. (3.1) easily gives the Laplace transform
of the quasi-binary kinetic equation for the model at
hand

sP5(s) = Py — [CI(Z") () Z5(5) — [CIPY (1) (s)
— Py (RN (s + 731). (5.12)

It can be shown that quasi-binary kinetics (4.13) is an
approximate solution of Eq. (5.12) (up to the first order
of the perturbation theory).

6. Regular form of quasi-binary kinetic equations

In the absence of geminate reaction (K, = 0) kinetic
equation (5.1) reduces to a kinetic equation of the Mod-
ified Encounter Theory (MET) [52,54]. So, just as MET,
it should be brought into the so-called regular form sat-
isfying the main principles of the kinetic theory. To
transform this equation, we introduce the propagator
Hop of Eq. (5.1), i.e., the memory function propagator

S H i (1t0) = 8(¢ — to) — [C] [ 0 de 55(1 — 1) Hoe(clto).
(6.1)

The kernel H,,(t|tg) describes the non-Markovian bulk
evolution of B reactant found itself in the volume at
the instant of time #y. The evolution is induced by binary
encounters of B reactant with C reactants. The efficiency
of the encounters is defined by the memory function
2() (5.6). The explicit form of the propagator H ker-
nel can be found from Eq. (6.1) by the perturbation
method. As a result, the explicit form of the kernel
2®(r) is taken into accounts

Has(l) = 00~ e 1~ (€]

-0

-ty

dr nb(‘c)} .
(6.2)

The second term in square brackets in Eq. (6.2) is a
small non-Markovian correction to the first term. In
the binary approximation, this correction describes the
establishment of a stationary profile in the neighbor-
hood of C reactant in the course of a bulk reaction
[51,55]. Of course, the start of the process coincides with
the moment of B reactant escape from the cage, i.e., with
the instant of time ¢,.

From the standpoint of the kinetic theory, an essential
demerit of Eq. (6.1) is that in the frame of binary concep-
tion there exists the dependence of the memory function
(1) (5.6) (as a kinetic coefficient) on the values of the
initial concentration of reactants (in particular, on
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concentration [C]). Thus the propagator defining the bin-
ary bulk evolution should be brought into a different
form. For this purpose, consider the propagator H,. of
Eq. (2.17) which has the form of a rate equation. Its kernel
is defined by the equation

O:H o (t|t0) = 0(t — ty) — [ClKp(t)H e (t|t0) (6.3)

the kinetic coefficient of which is free of the above de-
merit. Just as the propagator I:Imf,Hre describes the
non-Markovian bulk evolution of B reactant found it-
self in the volume at the instant of time #,. However, it
is assumed that the process of the stationary profile
establishment in the neighborhood of C reactant started
at the moment ¢ = 0. It is seen from the explicit form of
the propagator kernel

i) = 000~ el 1 (] [ e, (0)

(6.4)

following from solution of Eq. (6.3) by the perturbation
method. Thus there is no correlation between B reactant
escape from the cage and the start of the stationary pro-
file formation in the neighborhood of C reactant in the
non-Markovian bulk evolution described by the propa-
gator H,.. In the absence of geminate reaction (Kg=0)
the moment of B reactant escape from the cage coincides
with the initial instant of time (z, = 0). Thus Egs. (6.2),
(6.4) and (4.1) yield

Hung(1]0) = Hre(t]0) = N° (). (6.5)

In the binary approximation, this is the basis for the
transformation of the integro-differential kinetic equa-
tion into the differential one in the case of a bulk irre-
versible reaction [17,20,51]. However, for the
“scavenger”’ problem f¢, # 0, and the distinctions be-
tween propagators H, and H,. become essential. Nev-
ertheless, the propagator H, forms the basis for the
construction of a regular form of the propagator H.
Comparison between Egs. (6.2) and (6.4) in the frame-
work of the binary approximation gives the desired rep-
resentation for the propagator H

Hpyp = Hye — Hy. (6.6)

Here we introduce the synchronization propagator H.y,
defined by the kernel

Hyn(t]t0) = [ClO(t — tg)e ™ Heli=0) /ttdf [y (T —t0) — 1, (7)]

(6.7)
that obeys the equation
O H gyn (t)t0) = —[ClhkoH gy (t|t0) + [C]O(t — t)e [Fel=10)
x [y (1 = to) — my (1)) (6.8)

In quasi-binary non-Markovian evolution this propaga-
tor is responsible for making allowance for time correla-

tions determined by the cause-consequence relation
between B reactant escape from the cage and the start
of the stationary profile formation in the neighborhood
of C reactant. As is seen from Eq. (6.7), in the Markovian
approximation A on = 0. Hence, taking account of time
correlations is needed solely in the non-Markovian ap-
proach, when a finite duration of the binary encounters
of reactants is taken into consideration. Note that Hy,
is a positive function (since the non-Markovian part
nu(?) of the rate constant is a monotonically decreasing
function). Thus making allowance for synchronization
effects accelerates the course of bulk irreversible reaction
in the “scavenger” problem. So the search for a regular
form of kinetic quasi-binary equation (5.1) gives rise to
the necessity of introducing a new notion of the binary
theory, namely, synchronization propagator. Obvi-
ously, the reasons have nothing to do with specific fea-
tures of a many-particle model of the “scavenger”
problem discussed in this section. Such a necessity is
determined by integro-differential form of inhomoge-
neous quasi-binary kinetic equation (5.1).

It is interesting to explicitly extract the contribution
made by synchronization effects from quasi-binary
kinetics. Conventional Green functions procedure
makes it possible to find the solution of quasi-binary
equation (5.1) by the perturbation method

Py(t) = PRaIN°(1) — Hutl [CUI (1) + I3)]. (6.9)

Using Eq. (6.6) and retaining the terms up to the first
two orders of the perturbation theory by the value of
the non-Markovian part of the rate constant, we get
the desired representation for the quasi-binary kinetics

Pu(1) = PRgIN®(1) — Heo|[CIIR (1) + 1 (0)) + HopnlIE™)],
(6.10)

where 73" (¢) is the quasi-Markovian approximation of
the source I? (see Egs. (5.3) or (5.9) where N°(z) or
N (¢) are defined by Eq. (4.4) or similar expression).
The last term in square brackets describes the synchroni-
zation effect contribution to the quasi-binary kinetics.
As it is positive, on the whole, making allowance for
of synchronization retards the decay of B reactants. This
agrees with a general rule that taking any correlation
into consideration leads to retardation of the irreversible
reaction kinetics decay.

To obtain the equation governing kinetics (6.10), we
operate on Eq. (6.10) by 0, + [C]Ky(#) and in view of
Eq. (6.8). This gives the desired regular form for qua-
si-binary equation (5.1)

0,25(1) = Pagd(t) — [CIKo (1) 25(1)
+ [CIPL g Tan(6) = 15 (0] = PRply (1), (6.11)
where

[C]ISyn(t) = [A{synugm(t»- (6-12)
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Comparison between Egs. (5.1) and (6.11) shows thatina
regular form the description of the rate in the bulk D sub-
channel of the reaction is given by two terms (the second
and the third ones in the rhs of Eq. (6.11)):homogeneous
and inhomogeneous terms. Contribution to the Markov-
ian reaction rate is made by the homogeneous term only.
Its non-Markovian part describes the effects determined
by correlations arising in the course of the bulk irrevers-
ible reaction (formation of a stationary profile in the
neighborhood of C reactant). According to the forego-
ing, the inhomogeneous term allows for synchronization
effects resulting from a finite life time of a geminate pair.
Thus transition to a regular form of quasi-binary equa-
tion has made it possible to separate two types of corre-
lations defining the non-Markovian rate in the bulk
subchannel of D channel of the reaction of the “scaven-
ger” problem. Note that the inhomogeneous term cannot
be treated as an additional transition channel, because
this term is positive. Further the inhomogeneous term
will be called a synchronization source. We shall calculate
Iy (1) for both models under consideration.

6.1. The model of immobile B particle

Taking into account that for this model
I (1) = 0(1)K (1) exp(—[Clkyt) (6.13)

we obtain

Lgn(t) = 9! /70 de Ky(0)[ny(t = 7) = (1)) (6.14)

Comparison of Egs. (6.14) and (5.8) shows that for this
model I, (f) = I (r). Then kinetic equation (6.11) is
reduced to

0,23 (t) = P30(t) — [CIKy(£)P5 (1) fPOABlgb(t). (6.15)

Such a radical simplification of quasi-binary equation
(6.11) is accidental, peculiar solely to the specific model
of the “scavenger” problem under discussion. It disap-
pears even when the hopping mobility of B reactant is
taken into account (i.e., in the case of the second model).

6.2. The model with jumping B reactant (the hopping
model)

Since for this model,

17 (1) = 0(0)K (1) exp(—(1/wp + [Clko))

= 0(t)K (¢) exp(—[Clkyt) (6.16)

we have
Lyn(t) = ™[9! / O de Ky(r)e Voo (1 — 1) — iy (1)),
(6.17)

Comparison between Eqgs. (6.17) and (5.11) shows that
now Ign(f) # I¥(¢). Then quasi-binary equation (6.11)

is the equation of the final form and cannot be simpli-
fied. Thus one can see that this kinetic equation does
not coincide with the equation derived in the framework
of superposition decoupling [39]. It contains extra inho-
mogeneous term (source) from D reaction channel, that
is of essentially three-particle nature. Besides, the inho-
mogeneous term (source) from geminate P channel is
of three particle nature too.

7. Conclusion

Using explicit expressions for two many-particle ex-
actly solvable models of the “‘scavenger problem”, we
have derived universal kinetic equations (3.2) and (3.3)
of general kinetic theory for accumulation kinetics of
geminate reaction (1.1) product P, and bulk reaction
(1.2) product D with bulk scavengers C in excess. We
see that in the framework of general kinetic theory the
ultimate contribution of the latter channel to the decay
rate of B reactant or to the accumulation rate of D spe-
cies is divided between two subchannels. In the bulk D
subchannel B reactant escapes from a geminate pair
without any interaction (neither force nor reaction) with
A reactant and decays on the encounter with bulk C
reactants. This reaction is described by the memory
function X(¢) that expresses causal-consequence relation
in the bulk evolution of the reacting system. In geminate
D subchannel the decay of B reactant due to the encoun-
ter with C reactants occurs inside a geminate pair, i.e., is
at least of essentially three-particle nature and is de-
scribed by the source term in kinetic equations.

At rather low concentrations [C] of scavengers bulk
D subchannel includes binary encounters only, and the
memory function Xy(¢) depends on the relative motion
of B and C reactants. However, geminate D subchannel
and geminate P channel preserve their many-particle
(three-particle) nature and, in general, cannot be ex-
pressed solely in terms of the relative mobility of reac-
tants in reacting pairs BC and AB as it should be in
pure binary theories. For this reason, the equations
are called quasi-binary ones. Quasi-binary equations de-
rived have been reduced to the so-called regular form of
the commonly used rate equations with bulk reaction
rate constant independent of concentration [C] and
inhomogeneous terms (sources) that take into account
initial spatial correlations of reactants. However, these
equations differ essentially from those available in the
literature [39], since they involve additional source (con-
nected with geminate D subchannel) and the sources are
of essentially three-particle nature.

Thus the analysis of the forms of kinetic equations
performed is very important for consistent many-parti-
cle derivation of correct kinetic equations for “scaven-
ger” and related problems. A consistent systematic
many-particle derivation of kinetic equations for the
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“scavenger problem’ at small concentration C of scav-
engers will be done elsewhere.
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