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Inversion of surface NMR data

Anatoly V. Legchenko* and Oleg A. Shushakov?

ABSTRACT

The main advantage of the surface nuclear magnetic
resonance (NMR) method compared to other geophys-
ical methods in the field of groundwater investigation is
the ability to measure an NMR signal directly from the
water molecules. An NMR signal, stimulated by an alter-
nating current pulse through an antenna at the surface,
confirms the existence of water in the subsurface with a
high degree of reliability. The NMR signal amplitude de-
pends on the pulse parameter (the product of the pulse
amplitude and its duration), bulk water volume, and wa-
ter depth. Measurements are performed while varying
the pulse parameter, and subsequent data processing re-
veals the number of water-saturated layers, and data con-
cerning their depth, thickness, and water content.

One of the major problems in the practical application
of the NMR method is the very weak signal (<3000 nV);
hence the problem of signal to noise ratio (S/N). S/N can
be improved by stacking the signal, but measurement
time is increased. We have developed an algorithm that
minimizes the number of measurements (number of dif-
ferent values of the pulse parameter) without a loss of
inversion accuracy for a given S/N ratio, making it pos-
sible to determine a set of optimal pulses for the mea-
surements.

NMR measurements are also sensitive to the electrical
conductivity of the subsurface; an electrically conductive
subsurface causes variations in the depth of investigation
and in the vertical resolution of the method. Experience
gained from application of the method has proven that
both the inversion algorithm and the analysis of the prob-

lem are efficient.
| I—

INTRODUCTION

The main advantage of the surface NMR method, compared
with other geophysical methods for water prospecting is that

the surface measurement of the nuclear magnetic resonance
(NMR) signal from water molecules in the subsurface ensures
that it only responds to the subsurface water. Used routinely
in Russia and tested in other countries (Schirov et al., 1991;
Goldman et al., 1994; Lieblich et al., 1994) the method has
demonstrated its potential.

Because the parameters of currently available surface NMR
equipment, such as Hydroscope (ICKC, Russia) and NUMIS
(IRIS Instruments, France), do not permit measurements
of the very short signals (less then 30 ms) corresponding to
“bounded” water in the subsurface, the vertical distribution of
the water content deduced from the NMR data corresponds to
the location and amount of “free” water in the aquifers. Free
water distribution in the subsurface is a solution of integral
equation and, like many other ill-posed problems, the inver-
sion is sensitive to field measurement errors caused by external
electromagnetic interferences such as electrical discharges in
the atmosphere, magnetic storms, and all kinds of electrical
currents through the subsurface. Interferences may also be
caused by cultural noise produced by power lines, electrical
generators and engines. In addition, the electrical conductivity
of the subsurface (the operational frequency is between 1.5
and 2.8 kHz) not only attenuates the signal, but also has an
effect on the kernel of the integral equation. Knowledge of
this effect is important for the practical application of the
method and for data interpretation.

Total time of field work, which is a matter of practical im-
portance, depends largely on the number of measurements re-
quired for the extraction of the information from the noise-
contaminated data. However, as the relaxation time of the
NMR signal in water-saturated nonmagnetic rocks depends on
the mean size of the pores and varies from tens to hundreds
of milliseconds (Schirov et al., 1991), measurements cannot be
repeated more frequently than every few seconds.

To minimize the field work time, we have developed an al-
gorithm for optimizing the number of measurements based
on an evaluation of the signal to noise ratio (S/N) using the
Tikhonov regularization method for data inversion. We used
computer simulation to estimate the performance of the NMR
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method over electrically conductive subsurface rocks. With a
conductive half-space model, all calculations were performed
using a circular 100 m diameter antenna, a vertical geomagne-
tic field with the magnitude of 58685.45 nT, and the correspon-
ding Larmor frequency of protons in water wy/27 = 2500 Hz.
Natural noises (interference) were simulated by computer-
generated random numbers.

THEORY
Quantitative determination of subsurface water

If v is the total volume of the subsurface, Vi is the part of the
subsurface filled with water, and Vj is the part of the subsurface
occupied by rocks, and we can write V = Vi + V. Assuming
that the water (V) and rocks (Vz) are homogeneously dis-
tributed in the total volume V, we can use the volume per unit
(for example, V = 1 m?) instead of using the total volume of
the subsurface. The water (Vy) in a porous medium can be di-
vided into two parts: free water Vy (water which is unattached
to grain walls and can be extracted from the rock) and bounded
water V (water which is captured by grains and cannot be ex-
tracted). Thus, we also assume that Vy = Vp + Vp. These two
parts of subsurface water are distinguished by a fundamental
difference in the decay time between the NMR responses from
free water and those from bounded water: the signal decay time
generated by bounded water is much shorter. Although further
research is required to establish a precise relationship between
the decay times of the NMR signal and the hydrogeological pa-
rameters of water in a porous medium, our experience in NMR
application allows us to assume, with sufficient accuracy, that
the decay time for bounded water is less than 20-30 ms and
for free water it is between 30 and 1000 ms. Parameters of sur-
face NMR equipment currently available, such as Hydroscope
(ICKC, Russia) and NUMIS (IRIS Instruments, France), do
not permit measurements of the very short signals (less than
30 ms); hence we may say that only signals from the free water
(Vr) are measured. Thus, we can tell that the water content is
the part of the total volume of the subsurface occupied by the
free water: n = Vg/V. For example, in a dry rock n = 0 and in
a bulk water of alake n = 1.

Surface NMR method

A wire antenna is laid out on the ground, normally in a circle
with a diameter of between 10 and 200 m, depending on the
depth of aquifers; it may also be laid out in a “figure of eight” to
improve S/N ratio (Trushkin et al., 1994). The antenna is then
energized by a pulse of alternating current

i(t) = Iy cos(wpt), O0<t=<r, 1)

where /Iy and 1 are respectively the pulse amplitude and dura-
tion. The frequency of the current wy is equal to the Larmor
frequency of the protons in the geomagnetic field wy = y Hy,
with Hj being the magnitude of the geomagnetic field and y
the gyromagnetic ratio for the protons (the physical constant).

The pulse causes precession of the protons around the geo-
magnetic field, which creates an alternating magnetic field that
can be detected using the same antenna after the pulse is ter-
minated (the free induction decay method). In practice, the
NMR response recording is possible after an instrumental de-
lay (“dead time”). The time diagram of the signal measurement

process is depicted in Figure 1. Oscillating with the Larmor
frequency, the NMR signal e(r, ) has an exponential envelope
and depends on the pulse parameter g = Iyt

e(t, q) = eo(q) exp( — t/T5") cos(wot + o),  (2)

where T is the spin-spin relaxation time, and gy is the phase
of the NMR signal.

The initial amplitude ¢;(g) can be calculated as (Trushkin
et al.,, 1995):

eo(q) =woMo/th Sin(%)»huq>n(r)dV(r), (3)

where M, is the nuclear magnetization for the protons, 4y, =
Hi /Iy = f(r, p(r), o), with H;| being the transmitting mag-
netic field component perpendicular to the geomagnetic field,
o the geomagnetic field inclination, p(r) the subsurface resis-
tivity, 0 < n(r) < 1 the water content, and r = r(x, y, z) the
coordinate vector.

Assuming that stratification is horizontal and the vertical
distribution of resistivity is known (p(r) = p(z)), equation (3)
of the signal amplitude ¢, can be simplified to a Fredholm linear
integral equation of the first kind written as

L
enlq) = /0 K(q. 2n(z) dz. @)
where

K(q.2) :woMof hyy sin(%yhuq) dxdy. (5)
X.¥

Numerical results show that the distant protons produce a
negligibly small signal; hence we can limit integration by x? +
y? < (2D)? and L = 2D, where D is the antenna diameter.

An example of the NMR signal (ep(g)), calculated for a
5-m-thick layer of bulk water (n = 1) situated at various depths
in the nonconductive half-space, demonstrates the method’s
capability of determining a subsurface water location caused
by the distinct differences in the shape of the signal (Figure 2).
Results of NMR signal modeling over a conductive subsurface
are also given in Shushakov (1996).

Pulse
i(t)= Iocos((DOt)

NMR signal
e(t)=e exp(-t/ T:) cos( Ot +(%)

‘dead time'

FiG. 1. Time diagram of the NMR signal measurements.
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Variation of the geomagnetic field also causes the NMR sig-
nal to vary (Trushkin et al., 1993). Here, however, we assume
the geomagnetic field to be homogeneous over the whole vol-
ume and unchanged during the measurements.

Inversion algorithm

The vertical distribution of water content n(z) is resolved by
equation (4): This linear equation may be solved by projecting
it onto finite-dimensional subspace, and approximated by the
projected equation

Z ¢;(gi)n; = eo;. (6)

where i = 1,2,...,1, j = 1,2,...,J, and ¢;(q) is a set of
kernel vectors obtained by projecting the kernel K (g, z) on a
set of basis functions b;(z), so that

n(z) = anb,»(z), ™)
and .
bi(q) = /O K(q. 2)b;(2) dz. ()

From a physical point of view, the problem allows the basis
functions to be assumed as box-car functions. Hence, the kernel
vectors are the elementary responses from the layers of water
(n; =1),characterized by their depth z and thickness Az. When
the depth intervals are

J
O0<z=<L, Az; =zj41 — 2, LZZAZ]', C)]
=1

the basis functions are

bi(zj<z<zjp)=1,  bjz<z;, z2>2z;41)=0,
(10)
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FIG. 2. Initial amplitude of the NMR signal versus pulse pa-
rameter, calculated for a 5-m-thick layer of bulk water situated
at the depths of 20, 25, and 30 m.

and the kernel vectors are

Zj+1
s@=[" K@ (1)
“J

The vertical resolution of the method depends on the mag-
netic field created by the antenna; the larger the gradient of
the field, the better the resolution. The magnetic field of the
circular antenna with a current passing through is well known;
the gradient of the field is large closer to the surface and de-
creases with increasing depth. Consequently, the resolution of
the NMR is also better closer to the surface. The vertical res-
olution corresponds to thicknesses of the basis functions, and

hence,

Azl A < <AzZ; £--- 2 Azy. (12)

In a matrix notation, projected equation (6) can be written
as

An = ey, (13)

where A + [a; ;] is a rectangular matrix of I x J with the
elements a;; =¢;(g:); € = (eq, €, - - -, €0, €0r)” , €0; = €o{q;)
being the set of experimental data; and m = (ny,na, ...,
nj,...,ny)7, n; = n(Az;) being the vertical distribution of wa-
ter content, and the symbol T denoting transposition.
Numerical solution of matrix equation (13) is highly depen-
dent on the choice of basis functions. For a unique and stable
solution, the kernel vectors must be linearly independent. In
this case, the number of the basis functions is small and, in spite
of the uniqueness, such a solution has no practical importance
because of a large discretization error. Increasing the number
of basis functions reduces the error resulting from discretiza-
tion, but the stability of the solution suffers because of the
ill-conditioning of the problem. To establish a rule for deter-
mining the number of basis functions, we use the linear algebra
definition: the matrix A is singular if the homogeneous system

Av =0, (14)

has a nontrivial solution. This means that some of the columns
(or lines) of matrix A are linearly dependent.

If system (14) does not have a nontrivial solution, we can
write

Av=g, (15)

where v = (v, vz, ..., v}, ..., v;)7 is still an undefined vector,
and g = (g1, 8,..-,8i»---,gs)7 is the linear combination vec-
tor. From a practical point of view, it is important to not only
know whether the vector g = 0, but also how close it may be
to zero. For this purpose, we may estimate the square norm of
the vector g given by the quadratic expression

viev =gl (16)
where

C=A"A (17)

If there are kernel vectors that are not mutually indepen-
dent, there are also the vectors v, which make the square norm
of the linear combination small, |g|> — 0. The extrema of the
quadratic expression (16) are known from matrix theory, and
are given if the previously introduced vectors v are the eigen-
vectors of the matrix C. The values of the expression at the
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extrema are the eigenvalues of C, corresponding to selected
eigenvectors. This can be written as

Viey=a, (18)

where V = [v; ;] is the matrix of eigenvectors, and A is the di-
agonal matrix of eigenvalues of the matrix C with the elements
)\j .

Stability of the matrix € can be estimated using the concept
of condition number

cond(C) = (Amax/Amin) = 1, (19)

where Ay, Amin are the maximum and minimum eigenvalues of
the matrix C. In general, a linear system with a small condition-
number value is more stable than a system with a large one.

For a finite, positive-definite matrix C, the largest eigenvalue
is

Amax < ) A=Y ¢ = Tr(C), (20)
J J

where c;; are the diagonal elements of the matrix C. These
diagonal elements (c;;) are finite-real numbers and they de-
pend mainly on the scaling of the problem. Consequently, Apax
depends also on the scaling, and the linear dependence of the
kernel vectors does not have much of an effect on Ay, How-
ever, Amin = |8 |fnin is the square norm of the linear combina-
tion vector and may be negligibly small with the same scaling
if some of the kernel vectors are linearly dependent. Hence, if
some of the kernel vectors are not linearly independent, then
Amin = 0, Amax == const, and cond(C) — oo, and the solution
becomes unstable. Thus, by varying the linear dependence be-
tween the kernel vectors we can influence the stability of the
solution.

The linear dependence between any two vectors can be es-
timated using the correlation coefficient between them

yoo = J@e@)dg
' \/f¢§(q)dqf¢%(q)dq

When the vectors are linearly dependent, abs(r;,) — 1.
The kernel vectors ¢;(g;) also are the columns of the matrix
A(a:; = ¢,;(g;)), and the correlation coefficient between two
of them is

(1)

i
L a
\/Zi:] ai ;i 2ui=1%k

wherea; ;. a;; are elements of the j and k columns of the matrix
A.

Now we can express the matrix of the correlation coefficients
as

Fik =

R = DCD, (23)

where R = [r;,] is a matrix of J x K, J = K, the elements
rjx = ry; are the correlation coefficients between the j and k
columns of the matrix A, and D is the diagonal matrix with the

elements
d,,,:1/ > a2 (24)

Thus, when the kernel vectors are not linearly independent
abs(r; ) — 1 and cond(C) — oo. So, the correlation coeffi-
cient between the two most linearly dependent kernel vectors
can be used for the matrix stability evaluation. For L, norm,
cond (A) = /cond(C); hence, the linear dependence between
the kernel vectors affects not only the stability of the matrix C
but also the stability of the matrix A.
The kernel vectors ¢, (¢ ) can be calculated for various depths
z; and thicknesses Az; of the basis functions. These vectors
depend on the vertical gradient of the magnetic field of the
antenna. The greater the difference between z; and z;, the
more ¢;{¢) and ¢, (g) are linearly independent because of a
greater difference in the antenna magnetic field at these two
depths. If the columns of the matrix A correspond to the kernel
vectors arranged by increasing depth. Then, taking into account
thickness condition (12), we can write
rig =L e <rjjer <
(25)

Fij+2 <Tjj+1 <Tjj-

This relationship between the correlation coefficients, based
on knowledge of the physical property of the problem, can be
illustrated by two numerical examples:

1) The depth interval between 0 and 100 m is divided into
layers of equal thickness Az; = 1 m. The correlation co-
efficient, equation (22), was calculated between the layer
situated at different fixed depths and all the other layers
(Figure 3). The depth of a layer was taken as the depth to
the top of that layer. As was expected for layers of equal
thickness, the farther apart the layers, the more they are
linearly independent.

2) Calculations were performed for a layer with Az; = 1 m,
situated at different fixed depths and another layer at the
same depth, but with variable thickness (Figure 4). The
larger the differences in thickness between the layers, the
more they are linearly independent.
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FIG. 3. The correlation coefficient between two signals from
1-m-thick water layers. One layer is held at fixed depths (top
of the layer) of 10, 20, 30, 45, and 60 m, respectively, while the
depth of the top of the other layer varies.
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So, by varying both z; and Agz; it is possible to acquire sets
of kernel vectors with an expected linear dependence.

We can define the parameter for the discretization of the in-
tegral equation as the correlation coefficient between two suc-
cessive kernel vectors ¢;(¢) and ¢;.1(g), which have a physical
sense of the NMR signals from the water layers, situated at
neighboring depths. For the matrix A, it is the correlation co-
efficient between the j and j + 1 columns: rjp = r3 =--- =
rjjs+1 = -+ =r;_1; = R. Discretization with parameter R al-
lows us to determine the maximum number of basis functions
with homogeneously distributed linear dependence. When R is
fixed, the number of the basis functions J with the depth z; and
the thickness Az; for each one is also fixed. We are also sure
that the correlation coefficient between any two columns (the
kernel vectors) is not more than R. By varying R, it is possible
to manage the condition number of the matrix A. The matrix
R for this special case is symmetric and diagonally dominant

(1 R rs o orig - ik |

R 1 R -« nrny - - nkx

1 R 1

R - X (26)
v rja2o - - 1o - g
R - R
1 R

| r01 riz - rik - RO1

From the matrix R we can conclude that either of the two
neighboring elements of the solution n;, n;; are equally vul-
nerable to noise, and can be accurately found only when the
parameter of discretization R is accorded with experimental
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FIG. 4. Correlation coefficient between two NMR signals. One
signal is from a 1-m-thick water layer, located at depths (top of
the layer) of 3, 10, 20, 30, and 50 m respectively, and the other
signal is from a water layer located at the same depth (top of
the layer), but with varying thickness.

errors so that R becomes smaller as the errors become larger
(0 < abs(R) < 1). When the errors and R stay unchanged, well-
separated elements can be resolved with higher accuracy then
neighboring ones. Practically, this means that boundaries of
water-saturated subsurface layers are always determined with
a lower accuracy than those of two layers that are well sep-
arated by depth. More information regarding the application
of the matrix of the correlation coefficients for linear problem
analysis can be found in Tarantola (1987).

Numerical calculations of the condition number of the ma-
trix A versus the correlation coefficient R (Figure 5) confirm
the existence of the relationship between the two parame-
ters. The eigenvalues were calculated by the standard Jacobi
method (Stoer and Bulirsch, 1980) for C = A’ A matrix and
afterwards, as cond(A) = /cond(ATA), for A itself. To cal-
culate the elements of the matrix A, we assume equal thick-
nesses Az = Azy = Az, for the kernel vectors and their depths
(z; + Az;/2). By varying Az, we calculate ¢1(q), ¢2(g) so that
ri, = R. Subsequently, all layers that follow and their related
kernel vectors ¢;(g) can be deduced easily by varying Az; [tak-
ing into account thickness condition (12)] to getr;_; ; = R.

The condition number of the matrix A can be used for esti-
mating the relative error amplification

V@R In(2)?) < cond(A)/(1e(@) P/ leo(a)P).
(27)
where |2(g){? is the experimental data error, |ey(g)|? is the sig-
nal, [8n(z)|? is the error of the solution, and |n(z){? is the so-
lution itself. The condition number is the less optimistic eval-
uation of the error amplification. Meanwhile, for determining
the reasonable number of basis functions, it is also possible to

employ the average relative error amplification, as proposed
by Twomey (1974)
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FIG. 5. Relationship between the condition number of the
matrix A and the correlation coefficient R as a function of
half-space resistivity.
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&
I

\/(Ién(Z)lz/ln(Z)lz)/\/ (Ie@)P/leo(@)P)

(28)

where 1 is the eigenvalues of the matrix C. The general nature
of the result will be unchanged if the criteria are varied, but
based on numerical results and practical experience, we use
criteria given by equation (28).

The average relative error amplification can be calculated
for various values of the correlation coefficient R (Figure 6).
There is a relationship between the two parameters, that is
quite similar to the one in Figure 5.

We prescribe the relative error of the solution to be

v (18n(2)}?/1n(z)\?) = 1, and assume that this represents a limit

where the solution is still reliable. The relative error of the
data /(le(¢)I*/les(g)|*>) can be evaluated before the measur-
ing is started. It does not take much time, because the num-
ber of measurements for this evaluation can be much smaller
than the number of measurements required for inversion. We
also assume that the average noise magnitude remains fairly
constant during the measuring time, and that it is independent
of the pulse parameter. Thus it can be expressed

= \/lea(q)I*/1e(g)I> = S/N. (29)

Knowing S/N, we can find &, and subsequently R using the
graph depicted in Figure 6. When the basis functions (and hence
the kernel vectors) have been determined, the number of mea-
surements may be taken as the same (7 = J). The values of ¢
can be selected so that the signal is measured by the pulse
parameter values corresponding to maximums of the kernel
vectors (Figure 7). Some of the kernel vectors are shown in Fig-
ure 2, and their maximums are clearly distinguished. Figure 7
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FIG. 6. Average relative error amplification versus correlation
coefficient R, calculated for models with various half-space re-
sistivity.

shows the relationship between the mean depth of the basis
function (z; + Az;/2) and the pulse parameter value g, by
which the kernel vector is maximum (¢; max = @,(gem;))- This
relationship leads to the determination of the values of the
pulse parameter ¢; = gem;.

Discretization carried out with the correlation coefficient
R as a parameter, taking into account S/N evaluation, al-
lows determination of the reasonable minimum number
of measurements. It also enables estimation of the vertical
resolution for a given S/N because of the existing relationship
between the correlation coefficient and the thickness of the
basis function. The example of this relationship in Figure 8,
calculated for the free-space model, numerically demonstrates
the general idea that vertical resolution drops at greater

12000 5 ohm-m half-space
1 1 ohm-m haif-space \ 10 ohm-m half-space
B N
w ] -
£ ]
g ] /
=~ 8000
- ]
o ]
hd
& ]
g ] / free|space
Q 4000
o ]
ﬂ E
Q B
0-|||||||r'| LI O e
0 20 40 60 80
depth (m)

FI1G. 7. Relationship between the mean depth of the water-
saturated layer (z; + Az;/2) and the pulse parameter at the
NMR response maximum {i.c., ¢;max = @,;(Gem;))-
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depths. Resolution also depends on S/N, because smaller R
values correspond to smaller S/N values.

We can also compare the vertical resolution for half-space
models of various electrical resistivity (Figure 9). Calculations
were performed with k, ~ 100 for each one to eliminate S/N
influence and demonstrate only the effect of electrical conduc-
tivity. For electroconductive models, the results reveal better
resolution close to the surface. This can be explained by a more
abrupt change of the antenna magnetic field in a conductive
medium. The screening effect, which induces a decrease in the
depth of the investigation limit, is demonstrated in Figure 10,
where the depth of the top of a 1-m-thick water layer (n = 1)
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FIG. 9. The thickness of the j model layer (Az;) versus its mean
depth (z; + Az;/2), calculated using various half-space resistiv-
ity models with average relative error amplification k. = 100.
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F1G. 10. The maximum depth detection for a 1-m-thick bulk
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is depicted versus the half-space resistivity. The depth was cal-
culated to obtain the maximum initial amplitude of the NMR
signal (¢ = g., <12000 A-ms), here equal to 25 nV, which is
assumed to be the limit of instrumental sensitivity. We may
conclude from Figures 9 and 10 that the influence of electrical
conductivity is highly important when the half-space resistivity
is less than 10 ohm-m, but that it is considerably less for values
greater than 100 ohm-m.

The inversion was carried out according to the well-known
Tikhonov regularization method (Tikhonov and Arsenin,
1977). To find an approximate solution of the matrix equa-
tion (13), this method supposes minimization of the Tikhonov
functional

Mn(") = ||AN, - eOs”Lz + 77||N17||L2 = min, (30)

where the matrix A is a product of the initial linear integral
equation (4) discretization, ey, is the vector of the experimental
data contaminated by the noise ¢ = |el|.,, N, is the solution
vector that minimizes the Tikhonov functional (30), and 5 > 0
is the parameter of regularization.

To solve this minimization problem, we followed the discrep-
ancy principle introduced in Morozov (1966), which is based
on the fact that for erroneous data, it does not make much
sense 10 have the residual | AN, — e[, smaller than the ex-
perimental error. Hence, for a given ¢ > 0, we need to find a
solution with a residual |[AN, — eg ., < & and stabilize it by -
making || N, ||, small. N, is an approximation of the solution of
matrix equation (13). Whene — 0, n(¢) - 0and N, — N.For
the optimization itself, we used the conjugate gradient method
(Stoer and Bulirsch, 1980).

We are now in a position to summarise the points discussed
above in an algorithm for the measurement and inversion of
surface NMR data. The steps for the proposed algorithm are
enumerated below:

1) Measure the noise and evaluate N = {l]|,.

2) Using a few values of the pulse parameter g, estimate the
average level of the NMR signal § = }jeol| Ly-

3) Compute the average relative error amplification k, =
S/N.

4) Use the relationship between the correlation coefficient
and the error amplification k. = k.(R), calculated in ad-
vance, to find the correlation coefficient R between the
kernel vectors for the given k..

5) Calculate the kernel vectors with the given R.

6) Assuming that the number of measurements is equal to
the number of the basis functions, select pulse parameter
values so that ¢; = qe,ﬁ].

7) Using the noise evaluation ¢, minimize the Tikhonov
functional (30). The vector N, is an approximation of
the solution of the initial integral equation (4).

RESULTS AND DISCUSSION
Synthetic data inversion

To numerically demonstrate the performance of the pro-
posed inversion algorithm, we used a two-layer model consis-
ting of two 10-m-thick horizontal, homogeneous, infinite
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water-saturated layers situated in free space at depths of 10
and 30 m, respectively. The water content of each layer was
taken to be equal to 0.2 (n = 0.2), corresponding to 20% of
free water, and the Larmor frequency was assumed to be equal
to wy/2m = 2500 Hz. A 100-m-diameter circular antenna was
used to calculate the NMR signal. Experimental errors were
simulated by adding zero mean random noise to the model
data.

The inversion results are presented in Figure 11. Using
knowledge of the S/N, an optimal number of the basis functions
(/) and hence a minimal number of the measurements (I = J)
were determined using the correlation coefficient R. This solu-
tion (thin solid line) fits the model quite well (dashed line) when
S/N = 100. However, when S/N = 2, the fit to the model is very
poor. Increasing the number of measurements does not im-
prove the solution for a given S/N significantly, and to demon-
strate this, inversion was also performed using a larger number
both of the basis functions (R = 0.94, J = 24) and of measure-
ments (/ = 32). The solution is shown by the thick solid line.
For practical purposes, the two solutions for each value of S/N
are similar. However, the number of measurements, and hence
the measurement time, are different. An example of the syn-
thetic data (asterisks) used for the inversion (S/N = 10), and
reconstructed theoretical signals are presented in Figure 12. All
the measurements were employed for inversion with R = 0.94
and only those marked by circles for inversion with R = 0.86.
A good fit is obtained for both the theoretical curves and the
model data contaminated by noise, but the solution using R =
0.86 is preferable because of the smaller number of measure-
ments.
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FIG. 11. Results of the inversion of synthetic data with random
notise added.

Field data inversion

Field experiments were carried out both in Russia and in
France over well-known aquifers.

At the test site near Novosibirsk, Russia, an aquifer consist-
ing of medium- to coarse-grained sand is located approximately
between 20 and 40 m. The water is fresh, and the resistivity of
the first 50 m is around 50 ohm-m. The resistivity was mea-
sured by the dc resistivity method. A more conductive layer of
clay below 50 m did not significantly influence the measured
normal moveout (NMR) signal. The measurements were per-
formed near borehole N 37. The lithological log of the borehole
and the inversion results are presented in Figure 13. The incli-
nation of the geomagnetic field at the test area is approximately
72° and S/N = 48. According to our experience, this level of
S/N is high and the inversion results should therefore be reli-
able. The optimal number of basis functions was found to be 14
(J = 14), and hence 14 measurements were chosen (I = 14).
Inversion with J = 14, / = 14 is shown by the dashed line in
Figure 12. Inversion with J = 27, [ = 28 was also performed
(solid line) to demonstrate that there is no fundamental dif-
ference between the two solutions. A water-saturated zone de-
tected by NMR between 20 and 50 m coincides quite well with
the lithological log. As the practical accuracy of field measure-
ments does not allow accurate detection of layer boundaries at
depths below 40 m, it is hard to determine the exact location of
the base of the aquifer. Experimental data and reconstructed
theoretical signals are presented in Figure 14. They coincide
well and demonstrate the accuracy of the inversion. The mea-
surements employed in the optimal inversion (J = 14, 1 = 14)
are marked with circles.

At the test area of St-Cyr-en-Val, France, three aquifers
were determined during a BRGM geological study. The up-
per aquifer consists of a stratum of mixed gravel, sand, and
clay, approximately 20-25-m thick. The two others consist of
water-saturated karst limestone separated by a sandstone layer
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FIG. 12. Synthetic data with random noise added (S/N = 10),
and the NMR signal amplitudes reconstructed from inversion
results for the model shown in Figure 11.
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ata depth of 50-60 m. The total thickness of the karst limestone
aquifers is about 40-50 m and the average porosity is approx-
imately 10%. Water transmissivity of the karst limestone is
around 0.28 sq.m/s. The lithological log of borehole N 268, sit-
uated approximately 600 m from the NMR test site, the surface
dc resistivity method and the NMR data interpretation results
are presented in Figure 15. The dc resistivity measurements
performed did not indicate any significant difference between
the borehole site and the NMR test site itself. The noise esti-
mation was S/N =7.8. For the inversion, we used an optimal
(J =10, I =10, dashed line) and a nonoptimal (J =27, 1 =27,
solid line) set of measurements. The matrix A was calculated
using the subsurface resistivity vertical distribution data, mea-
sured by the dc resistivity method. The geomagnetic field incli-
nation is equal to 62°. Once again, both solutions were found to
be similar. The observed difference between the depth of the
detected shallow aquifer and the water table may be explained
by noise influence on the interpretation results. Because of the
lack of a borehole at the test site itself, it is not possible to
verify the exact depth and thickness of this shallow. fairly ir-
regular aquifer. The limestone aquifer between 28 and 52 m
is quite extensive throughout the area, and is well-detected
by NMR. No water was found below 60 m. This negative re-
sult may be explained easily by the existence of an electrically
conductive shallow layer (approximately 25 m thick, with a
resistivity of 9 ohm-m), whose screening effect decreases the
depth of investigation. Reconstructed theoretical signals from
detected aquifers (Figure 16) correspond well with the true
measurements, considering the fairly large dispersion of the
noise-contaminated data. The measurements used for the in-
version with J = 10, / = 10 are marked by circles.

CONCLUSIONS

The algorithm of measurement optimization for the surface
NMR method, with the correlation coefficient between the
kernel vectors as a parameter of the discretization, makes it

possible to determine the reasonable minimum number of
measurements, and therefore, minimize duration of field mea-
surement without a loss of information for a given S/N. Inver-
sion based on the Tikhonov regularization method is stable
within a wide range of signal to noise ratios.

Depth of investigation and vertical resolution depend on the
electrical conductivity of the subsurface. Where conductive
layers are present, the screening effect, which attenuates the
NMR signal, results in a decrease in the depth of investigation.
For example, with a 100-m-diameter circular antenna, a verti-
cal geomagnetic field of « = 90°, and a Larmor frequency of
wy/2m = 2500 Hz, the maximum depth of investigation varies
from 200 m for free space to 48 m for a 1 ohm-m half-space.
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Within the resistivity interval 10 to 100 ohm-m, the maximum
depth of investigation varies from 110 to 170 m, respectively.
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